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1. INTRODUCTION 



We construct a class of highest weight irreducible representations (irreps) of the algebra Uh(Aoo) [8], the 
quantum analogue of the completion and central extension of the Lie algebra gloo [1], [6]. Our interest 
in the subject stems from the observation that certain representations of gl(n) (including n = oo) [9] and 
of Aoo (see Example 2 in Ref. [10] and the references therein) are related to a new quantum statistics, the 
^-statistics. The latter, as it is clear now, is a particular case of the Haldane exclusion statistics [5], a 
subject of considerable interest in condensed matter physics (see Sect. 4 in Ref. [13] for more discussions 
on the subject). It turns out that some of the representations of the deformed algebra U^A^) satisfy also 
the requirements of the Haldane statistics. More precisely, they lead to new solutions for the microscopic 
statistics of Karabali and Nair [7] directly in the case of infinitely many degrees of freedom. These results 
will be published elsewhere. We mention them here only in order to justify our motivation for the work we 
are going to present. One may expect certainly that similar to A^ [2], [4] the representations of Uh{Aoo) 
may prove useful also in other branches of physics and mathematics. 

The quantum analogues of gl^ and A^ in the sense of Drinfcld [3], namely Uh(gloo) and Uh{Aoo), were 
worked out by Levendorskii and Soibelman [8]. These authors have constructed a class of highest weight 
irreducible representations, writing down explicit expressions for the transformations of the basis under the 
action of the algebra generators. 

The i7/ l (^4 00 )-modules, which we study, are labeled by all possible sequences (see the end of the intro- 
duction for the notation) {M} = {Mi} ie z G C[/i]°°, subject to the conditions: 

(a) There exists m < n G Z, such that M m = M m _k and M n = M n+ k for all k G N; 

(b) Mi - M 3 G Z + for all i < j G Z. 

Representations, corresponding to two different sequences, {M 1 } ^ {M 2 }, are inequivalent. The UhiAoo)- 
modules of Levendorskii and Soibelman [8] are labeled by all those sequences {M^}, for which s = m = 
n G Z and m\ s) = 1, if i < s and m\ s) = for i > s. 

In Refs. [11] and [12] a class of highest weight irreps, called finite-signature representations, of the Lie 
algebra A^ was constructed. The corresponding modules are labeled by the set of all complex sequences 
{M} = {Mi} ie z G C°°, which satisfy the conditions (a) and (b). The name "finite-signature" indicates 
that, due to (a), each signature {M} is characterized by a finite number of different coordinates or, more 
precisely, by no more then n — m + 1 different complex numbers. 

From our results it follows that each A^— module with a signature {M} can be deformed to an 
UhiAcc)— module with the same signature. The class of the finite-signature representations of f//i(-Aoo) 
is however larger, which is due to the fact that the coordinates of the Uh^Aoa) signatures take values in C[h]. 
All representations we obtain are restricted in the sense of Ref. [8], Definition 4.1. 

In Section 2 we construct a class of highest weight irreps of the subalgebra Uh{aoo) of UhiAoo). Some 
of these representations, namely the finite-signature representations (Definition 2), are extended to repre- 
sentations of UhiAoo) in Section 3. 

Throughout the paper we use the notation (most of them standard): 

N - all positive integers; 

Z + - all non-negative integers; 
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Z - all integers; 

Q - all rational numbers; 

C - all complex numbers; 

C[h] - the ring of all polynomials in h over C; 

C[[7i]] - the ring of all formal power series in h over C; 

X n = {(ai, a 2 , . . . , a n )\ G X} 7 (including n = oo); 

[a; b] = {x\ a < x < 6, x G Z}, (a; b) = {x\ a < x < b, x G Z}; 

T({Af }) - the C-basis of a module with a signature {M}; 
/)/ •-,_/ 1. for i > 
WW - \ 0, for i < 0; 

q = e"/ 2 e C[[h}}; 

[x] = G CP]]; 

[a;,y] g = - qyx. 



2. REPRESENTATIONS OF THE ALGEBRA U h ( aoo ) 

The algebra Uh{aoo) was defined in Rcf. [8]. The authors denote it as Uh{g" '(^4oo)) / ■ It is a Hopf al- 
gebra, which is a topologically free module over C[[/i]] (complete in ft,-adic topology), with generators 
{e i; f l ,h l ,c} ieZ , and 



1. Cartan relations: 



2. e-Serre relations: 



3. /-Serre relations: 



[c,a] = 0, a G {hi,ei,fi} ie z (la) 

[fci,fy]=0, (16) 

[fti, 6j] - {Sij - 5ij + i)ej = 0, (lc) 

/j] + (<% - S i,j+l)fj = °> ( lc 

fe, /J - [hi - h l+1 + (6(-i) - 6(-i - l))c] - 0, (le) 

k, /,•] = <>, i^j. (1/) 

[ei, ej ] = 0, if ^ 1, (2a) 

e 2 e i+ i - (g + q~ 1 )e i e i+ ie t + e i+1 ef = 0, (26) 

e i+i e i ~(q + q~ 1 )e i+1 e l e l+1 + e 4 e 2 +1 = 0. (2c) 

[/*,/,-]=<), if (3a) 

/f/i+i - (q + q^fifi+ifi + fi+ifi = 0, (36) 

fi+ifi - (<? + q'^fi+ififi+i + fifi+i = o. (3c) 



We do not write the other Hopf algebra maps (A, e, S) [8], since we will not use them. They are 
certainly also a part of the definition of Uh{a<x)- 
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Replacing throughout in the above relations {a, fi,h i7 c}i e z with {Ei, Fi, Hi, 0} ie z, one obtains the 
definition of U^gl^). 



In terms of an equivalent set of generating elements {e i7 fi, hi, c} ieZ , with 

e i = e i q^- hi)l \ = Z^"^ 2 , (4) 
one writes the quantum analogues of the Weyl generators {eij}(i,j)ez 2: 

&u — hi) ei } j-|_i — e^, — fi-, 

etj = [e i ,[e i+1 ,[...,[e j -2,e j - 1 ] g ...] q ] q ] q , i + Kj, (5) 

e ji = [fi, [fi+U [• • • . [fi-2,f]-l]q ■ ■ -\q\q\q, i+K j- 

The "commutation relations" between these generators follow from (l)-(3) and are given in Ref. [8]. The 
relevance of the generators {eij}(i,j)ez 2 stems from the observation that the set of ordered monomials (see 
Ref. [8] for the ordering) 

c l II ^ (6) 

(i,j)€Z2 

with finitely many non-zero exponents S Z+, Z € Z + forms a (topological) basis in Z7/ l (a 00 ). 

Set ff = ©jC/ij. Define linear functionals £j : if — > C by Si(hj) = Sij and set Qj = £j — = 
©iZ+ai. Denote by Uh(n + ) (respectively Uh{n-) ) the unital subalgebra in Uh{aoo) generated by {ei} ie z 
(respectively {/J ieZ )• Then 

®aeQ'Uh(n±)± a , (7) 

where 

U h (n±) ±a = {xe U h (n±)\ [h',x] = ±a(h')x, W e if} (8) 
for a ^ 0, and Uh(n±)o — C[[h}]. Any element u G Uh(a.oc) can be represented as 



u = ^/i fe ^]V ^2 ^2 ^ F<xM,t TT h l^ i£ 0,k,l,u finite sums over a, (3, 7, (9) 
fc=0 i=0 a,/3eQ' + 7(fc,z)ez~ *=i iSZ 

where T a ,k,l,t S Uh(n-)- a , £p,k,l,t S Uh(n + ) + p and finitely many exponents "f{k,l)i are different from zero. 
The words "finite sums over a, f3, 7" have been added in order to indicate that for a fixed fc only finitely 
many summands in (9) are different from zero. 

The set Uh{a<oo), consisting of all C[[/i]]— polynomials of the Chevalley generators {e^, fi, hi, c} ie z, is 
dense in Uh{doo) with a basis (6). In particular J- a ,k.i,t, £p,k,i,t an d Iliez h]^ k ' 1 ^ are in Uh{o,oo)- Then 
according to (9) any element u G Uh{a<x) is of the form 

00 l(k) ^ ^ t(a,0) 

u = Y,u k h k , u k = Y,° l E E E^n^we^k). (10) 

fc=o z=o a,peQ' + 7(fe,0ez°f t=i iez 
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We pass to construct a class of highest weight irreps of Uh{aoo)- In the following propositions 1 and 
2 we define the Uh (floo )-modules V({M}; £ , £1), each one labeled by £1 € C[h] and by a sequence 
{M} ee {Mi} iez G C[/i]°° such that 

Mi - Mj e Z+, Vi < j G Z. 

The basis r({M}) in T^({-M}; £o, called a central basis (C-basis), is independent of £oj£i- It is formally 
the same as the one introduced in Refs. [11] and [12] for a description of representations of a^. T({M}) 
consists of all C— patterns 





M_i, 


Mo, 


Mi, 


M fc _i,... " 


Mi_g_k t 2k+0-l, ■ 


., M_i ; 2fe+6l_i, 


Afo,2fc+e-i) 


Mi j2 fe+e-i, • 


• , -Mfc_i i2 fe+e-i 




M_i, 3 , 
M_i, 2 , 


M 02 
M i 


Mi 3 





|M) 



where fc £ N, 6 = 0, 1. Each such pattern is an ordered collection of formal polynomials in h 

M it 2k+e-i e C[/i], VfceN, = 0,1, i e [-0 - fc + i ; fc- 1], 

which satisfy the conditions: 

(i) there exists a positive integer Ni M -\ > 1, depending on |M), such that 

M it 2k+e-i = Mi, V 2k + 6 - 1 > 7V| M) , = 0, 1, i e [1 - - k; k - 1]; 

(ii) for each k G N, = 0, 1 and i G [1 - - fc; fe - 1] 

Mi+o-i^k+e - Mi^k+e-i G Z + , M it2 k+e-i - M i+ g^k+e G Z+. 



(11) 



(12) 



(13a) 



(136) 



Denote by ^({M}; £ , £i) the free C[[ft]] -module with generators T({M}) and let V({M};£ ,£i) be its 
completion in the /i-adic topology. 1^({M}; £ , £i) is a topologically free C[[/i]]-module with a (topological) 
basis T({M}) and V({M}; £ , £i) is dense in it (in the /i-adic topology). V({M}; £ , £i) consists of all formal 
power series in h with coefficients in V({M}; £ , 



w = ^UiftS w ,wi,«2,-. • G t>({M};£ ,£i)- 



(14) 



i=0 



If a is a C[[ft]]— linear map in V({M}; £ , £i), a G -End ^({M}; £ , we extend it to a continuous linear 
map on V({M};£_ ,^i) setting 

oo 

av = y~]{av i )h i . (15) 



i=0 



Therefore the transformation of V({M}; £ , £i) under the action of a is completely defined, if a is defined on 

r({M}). 

We proceed to turn V({M}; £ , £i) m to a Uh(aoc) module. Denote by 

|M) ±fel{jl , pl} , ±fe2{j2 , P2} ,... ee |M)±£{*£>;;;; ee | M ) ±fe ^>,±M^},.., k u fc 2 , . . . = l, 2, . . . (16) 
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the pattern obtained from the C-pattern \M) in (11) after the replacements 



M h,Pl M ]1,P1 ± fe l! M 32,P2 M J2, P 2 ± fc 2, 

correspondingly, and let 

f ° r - ?=/ ri forz>0 

S(j,i;i/) = < 1 forj<i, <?(i) = {o < q ' L ij =M iJ -i. (17) 

[ -1 for j > I 

Set moreover 

e? = /<, e\ = e u «eZ. (18) 

Let {p(ei), p(fi), p(hi), p(c)}i£z be a collection of C[[/i]]-cndomorphisms of V({M};£q,£i), defined on 
any C-pattern \M) G T({M}), as follows (see also (46), (47), (50) and (51)): 

p(e^")|M) = ([L_ li2 - Lo,i - /i][Lo,i - L 0>2 + M ]) 1/2 |M)_ ( _ 1)( . {0>1} , M = 0, 1 , (19) 

.7 = 1— i— v l=—i 



X 



Ylkjij=l-i-A L k,2i+v-l - L jt 2i+ v -l)[L k ,2i+v-l - Ljfii+u-l + (-1)^+"] 

Tlk=-i-A L k,2i+v+l ~ ^Z,2»+^ + (-l)' y (l - Ap] nfe^l-i-t/^fc^i+t/-! - U.2i+ V + (-l)' y (l - Ap] 
]Xk^l = -i[Lk,2i+v - L^2i+i,][Lk,2i+v - Li,2i+v + (-l) M+l/ ] 



1/2 



x |M):[:^t:g^> +I/} , zeN, ^ = 0,1, (20) 

p(hi)\M) = [ ]T M i,WO) - E M j,2\i\ + e(i)-i + (6 - 6>)0(-i) - £1 \M), i e Z, (21) 
j'=-l*l j=-|»|+i-e(») / 

p(c)|M) = (£ -£i)|M). (22) 



Above and throughout [a;] = 9 q Iq-i S C[[/i]]. If a pattern from the right hand side of (20) does not belong to 
r({M}), i.e., it is not a C-pattern, then the corresponding term has to be deleted. (The coefficients in front 
of all such patterns arc undefined, they contain zero multiples in the denominators. Therefore an equivalent 
statement is that all terms with zeros in the denominators have to be removed). With this convention all 
coefficients in front of the C— patterns in R.H.S. of (19)-(22) are well defined as elements from C[[/i]]. 

Proposition 1. The endomorphisms {p(ej), p(/»), p(hi), p(c)}j e z satisfy Eqs. (l)-(3) with p(ej), p(fi), p{hi) 
and p(c) substituted for a, fi, hi, and c, respectively. 
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The proof is based on a direct verification of the relations (l)-(3). The most difficult to check is the 
Cartan relation (le). In order to show that it holds, one has to prove as an intermediate step that the 
following identities hold (k E N): 



E E E ( 1 ^ n^L-fc[^i 1 2fc - %2fc-l +5-1] Ui=l-ki L h2k-2 - £j,2fc-l + S - 1] 
s =0 j=l-fc J=-fc n*^j=l-fe [i»,2fe-l - ij,2fc-l + s][Li,2fe-l - ij,2fe-l + s - 1] 

rii=-fe[-^*,2fc+l - ^i,2fe + s] rii^/=l-fe[-^j,2fe-l - £(,2fe + s] 
Tli=il = -kiLi,2k - Li t 2k + s][Li t 2k - Ll,2k + s - 1] 

fc-1 fc-2 fe fe-1 

X Aj',2fc-1 - X L J^-2 - X L .j.2fc+1 + ^ £j,2fc - f 
j=-fc+l j=-fc+l j = -fc j= — k 



1 fe-1 fc 

E E E (-D 

s=0 j= — k l= — k 



.Xti^l=-k\ L iak+l - ij,2fe - S + 1] nLl-fe[ L ^2fe-l - Lj,1k ~ S + 1] 



Ili^jL-fc [-^i,2fe - ^j,2fe - s][L^ 2 fe - ij,2fe - S + 1] 



nr=-fc-l [-^i,2fc+2 ~ Ll,2k+1 - s] Hi^j = ^ k [Lj,2k - Ll,2k+1 - s] 
T\i=il = -k[Li,2k+l - L lt 2k+1 - s][Lj,2fe+l - L lt 2k+1 - s+ 1] 

fc fe fe-1 

E Aj\2fc+2 - X ^.2fc+l _ E ^' 2fe + E ^'2fe-l - 1 

j=-fe-i j=— fe i=-fe j=— fe+i 

, n^_fc|^2fe+l - £j,2fc + g] nLl-fc;^j,m[ L »,2fe-l ~ ^i,2fc + g] _ 



Ui^L-klLi^k - Li^k + s][ij,2fe - £;,2fc + s — 1] 



s=0 i=-fe 



1 fe 



i ' IIiL-fc-l[^,2fc+2 - £j,2fc+l - S 1 ] nL-fcii^m^^fc - ^i,2fc+l - ■?'] 

nLi=-fe[-^j,2fe+i - i;,2fe+i - s'][Lj !2 fe+i - i;,2fe+i — s' + 1] 



E E(-d 



«'=0 i=-fe 



(23a) 



(236) 
(24a) 
0, (246) 



y-^ y^ ^ I\t=l^kl L r,2k-2 - Ljfik-l - s'] YT r= - k . r ^i, q [Lrak - Ljfik-l - s'} _ 

s'=0 j = l-fc T\r=ij=l-kl L r,2k-l ~ Lj,2k-1 ~ s'}[L r ^k-l ~ Lj,2k-1 ~ S 1 + 1} 

y^ y^ ^ 1 ^ IIiL-fc ;t ^;, g [^,2fc+i - %2fe + s] IlLi-fcl^fe-i - Lj.2k + s] ^ 

s=0 j=-fc IL#j=-fc[ L i,2fc - L ji2 k + s][L it 2k - Lj.2k + S - 1] 



rfc-1 



= 0, 



(24c) 
(24d) 



The identities (24) are relevant also for the proof of the Serre relations (2a) and (3a). Another set of simpler 
identities, namely 

{[a - b - l][c - b - 1] - [2][o - b][c - b - 1] + [a - b][c - b}) 



; [a-d\[c-e-\] | [ C -d-l][a-e] [a - e - l][c - d] | [a-d-l][c-e] 



[d-e-l][c-a-l] [d-e + l)[c-a-l]J \ [d - e - l][c - a + 1] [d - e + l][c - a + 1] 



x ([a - 6 - l][c - 6 - 1] - [2] [a - 6 - l][c - 6] + [a - b][c - b}) = 0, 



(25) 
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[a -!][&-!]- [2] [a] [6 -!] + [<#] [a l][b 1] - [2] [a - l][fe] + [a][b] 

[a-b+1] + [a-b-1] ~ ' ( j 

[o-l]-[2][a] + [o+l] = 0. (27) 

are used in the proof of the Serre relations (2b), (2c), (3b) and (3c). 

The proof is lengthy. The main steps of it are outlined in the Appendix. There we prove also the 
identities (23) and (24), which, we believe, are of independent interest. The approach is similar to the one 
used in [15], where a method for proving such q— identities was first considered. 

Remark. We may have constructed the endomorphisms {p(ej), p(fi), p(hi), p(c)}j £ z from the results on 
the representations of Uh(gloo), announced in Ref. [14] and, more precisely, from the endomorphisms 
{p(Ei), p(Fi), p(Hi)}i e z of the C[[/i]]— module V({M}), which satisfy the Cartan and the Serre relations 
for Uh(gloo) (Ref. [14], Eqs. (16)-(18)). This possibility is based on the observation that the C[[/i]]— linear 
map ip, defined on the generators as 

ip(Ei) = e t , ip{F t ) = fi, ip(c) = c, 

(28) 

<p(Hi) = hi + (0(-i) + a)c, a G C[h] 

and extended by associativity is an (algebra) isomorphism of Uh{gloo) © C[[/i]]c onto Uh(a,oo)- Then the 
endomorphisms {/o(ej), p(fi), p(hi), p(c)}j £ z defined according to (28) (with a^o — £i) = £i) as 

p(ei) = p(Ei), p(fi)=p{Fi), p(c) =£ -£ l5 

(29) 

P (h i ) = p(H i )-((t o -Z 1 )0{-i) + Z 1 ), 

lead to the transformation relations (19)-(22). Here we give a direct proof of Proposition 1, since the 
corresponding Proposition 1 in Ref. [14] was only stated. Its proof would have been based again on the 
identities (23)- (27). 

Consider p as a C[[/i]]— linear operator from Uhiooo) into End V({M}; £07 So far p is defined only 
on the Chevalley generators {a, fi,hi, c}i e z- Extend the domain of its definition on Uh(doo) : if P has already 
been defined on a, b G Uhi^oo), then set 

p(aa + [3b) = ap{a) + /3p{b), p(ab) = p(a)p(b), a, b G U^a^), a, (3 G C[[h}]. (30) 

As we know from (10), any element u G Uh{aoo) can be represented as a sum u — J2iLo > Ui e ^( a oo)- 
Then for an arbitrary v G V({M}; £ , £i), writing it as in (14), we have 

(oo \ / oo \ / oo \ oo / n \ 

J2P(^W V = [Y^P^h 1 J2 V hj = E E P( U n-m)Vm h n G V({M};£ , (31) 
i=0 / \i=0 / yj=0 y n=0 \m=0 / 

since 

n 

p(u n -m)v m & V ({M}; £ , Si) ■ 

m=0 

Using (31), we extend p on Uh{aoo)'- 

oo 

p(u) = Y / p(u i )h t eEndVdM}-^,^) V ueU h ( aoo ). (32) 

i=0 



Hence p is a well denned map from Uh{a<>o) into End V({M}; £ , £1), 

p: U h ( aoo ) ^ EndV({M};^,^). (33) 

Proposition 2. 77ie map (33), acting on the C— basis according to Eqs. (19)-(22), defines a highest weight 
irreducible representation of l/hia^) in V({M}; £ , £i))- 

Proof. According to Proposition 1, (30), (32), p is a C[[/i]]-homomorphism of Uh{aoo) in End V({M}; £ , 
It is continuous in the h— adic topology. Indeed, let u E Uh(aoo)- Then any neighbourhood W{p(u)) of p(w) 
contains a basic neighbourhood p(u) + h n End V({M}; £ , £ x ) C W(p(uj). Evidently 

p (u + h n U h ( aoo )) C p(u) + h n End V({M}; C W(p(u)) (34) 

and therefore p is continuous in u for any u € Uh(aoc). Hence ^({M}; £o, £i) is a L^floo)— module. It is 
a highest weight module with respect to the "Borel" subalgebra Uh{n+). The highest weight vector \M), 
which by definition satisfies the condition p{Uh{n+))\M) — and is an eigenvector of p(H), corresponds to 
the one from (11) with 

Mi,2k+e-i = M u VfceN, 6 = 0,1, ie[-0-fc + l;fc-l]. (35) 

The irreducibilily of the Uh{aoo)— module V({M}; £ , £i) follows from the statement that V({M}; £ , £i) is 
an irreducible module also of the non-deformed algebra {/(Aoo) [12]. Let x and y be any two vectors from 
V({M}; £ , £i)- Then there exists a polynomial P of the non-deformed generators such that p{P)x = cy, 
where c is a nonzero constant of the form 

" r\ Ai (xi) nk * 

c = T> * 1 fc= 1 ' GC, Cl ,x k ,y k eC, n ki ,m ki e {0,1/2,1}. (36) 

The latter follows from the non-deformed transformation relations (see [12], or simply replace the "quantum" 
brackets [ ] with ordinary brackets throughout in Eqs. (19)-(22)). Let P be the same polynomial, but of 
the deformed generators. Then from (19)-(22) one concludes that p(P)x = cy, where 

" Y\ Ai \r ] nki °° 

^E ^V =c + J2hh*eC{lh}}, heC. (37) 

Since c^O, then also c^O. Therefore the representation of Uhiaoc) in V({m}, £ , £i) is irreducible. 
3. REPRESENTATIONS OF THE ALGEBRA U^A*,) 

In this section we show that some of the Uh(aoo)— modules V({M}; £o, £i) can be turned into irreducible 
highest weight Uh(Aoo)— modules. First, following Ref. [8], we recall the definition of the quantum algebra 
Uh(Aoo) (denoted by the authors as Uh(g' (Aoo))) only within the algebra sector (for the other Hopf algebra 
maps see Ref. [8]). UhiA^) consists of all elements 

oo l(k) t(a,0) 

u = J2 hk J2 cl E E E T <*XU \{hl m)% £f3.k,Lu infinite sums over a, (3, 7, (38) 

fc=0 1=0 a,/3eQ' + 7 (fe,i)GZ~ t=l ieZ 
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however certain conditions on the pairs (a,-f) corresponding to the non-zero summands are imposed. In 
order to state them, set for a — J2i m i a i G Q'+> 7 = {li}iez £ Z+, 

S(a) = {i\m l ^ 0}, S( 7 ) = {% \ H ^ 0}, %, 7 )=%)U%). (39) 

Connecting i and j with a line, if \i — j\ = 1, one can view S(a,j) as a graph. Denote by T{a,"f) the 
collection of its connected components. For any u — Y^kLo h ku k as given in (38) consider the scries 

l{k) t(a,/3) 

«^E cI E E E^'II^'w. ( 4 o) 

i=0 a,/3GQ^ 7(fe,0eZ°f t=l ieZ 

and let 

J"(u,fc) = UJ"(a, 7 ), (41) 

where the union is taken over all a and 7, which appear in the non-zero summands of (40). For i £ Z and 
fc£Z + set 

Int{u,k,i) = {I £ T{u,k)\ i £ /}. (42) 

For r £ N define the series u(r), corresponding to u, by substituting for all /ij (i < — r or i > r) and 
for all e u > r). 

Definition l.[8] The series u of the form (38) is said to belong to UhiA^), provided 

(i) for any k £ Z + and any i £ Z the set Int(u, k, i) is finite; 

(ii) u{r) £ Uh(a oa ) for all r £ N. 

We turn to construct a class of representations of UhiA^). The idea is to show that within certain 
V({M}; £ 0j £1) the domain of the definition of the operator p : Uh{aoo) — * End V({M}; £ , £1) ( see (33)) 
can be extended from Uh{a,ca) to [/^(Aoo), so that p is a representation of U^A^) in y({M}; £ , The 
construction is a natural one. We assume that p(u) is a continuous C[ [h]]— linear operator in V({M};£ ,t;i) 
for any u £ U^A^). Then for any « - V ? Vjh j € ^({M};^,^). «j e f ({M};Co,6) 

OO 

p(«)« = £(p(«)t; J -)W'. (43) 

The above series is well defined, if p(u)vj £ V({M}; £0, £1). Since is a (finite) C[[/i]]— linear combination 
of basis vectors the latter holds, and hence p(u) is defined as an operator in V({M}; £0, if p(w)|Af) £ 
V({M}; £1) for anv C— pattern |M). Thus, the first step is to clarify which are the Uh(doo)— modules 
V({M};£ ,£i), for which p(«)|M) £ V({M};£ ,6) holds. 

Definition 2. FFe say £fta£ V^({M};£o,£i) * s of finite- signature or, more precisely, of (m,n) signature and 
write {M} = {M} m , n if there exist integers m < n £ Z, such that M m = M m -k and M n = M n+ k for all 
k £ N. 

We now proceed to show that each finite-signature Uh{aoo) module V({M} m , n ; M m , M n ) can be turned 
into a UhiAao) module. To this end we prove first a few preliminary propositions. 
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Denote by V({M};£ , £i)iv, 1 < N E N the subspace of V({M};£ ,£i), which is a C[ [ft]] -linear 
envelope of all C— basis vectors |M), for which 



M i>2k +e-i = Mi V 2k + 6 - 1 > N, 6 = 0,1, i e [1 - 6> - fc; fc - 1]. 



(44) 



Note that V^({M}; £ > £i)jv is a finite dimensional subspace. 
Proposition 3. 



p( efe )F({M};^ o ,ei) J v = ) i/ fc^(-I(JV+l);i(JV-2)). 



Proof. From (20) one obtains: 



(45) 



k k 

P (e k )\M) = - E 



n 



!] ]li=-fe[- C 'i,2fc - L j,2k+\ - 1] 



rii^j=-fc[-^*,2fc+l - ij,2fe+l][ii,2fe+l - Lj t 2k+1 - 1] 
n?=-fe-l[-^»,2fe+3 - ii,2fc+2] I\i^j=-k[ L i,2k+l - Li,2k+2 ' 



1/2 



rii^;=-fe-l[-^i,2fc+2 - i(,2fe+2][^i,2fc+2 ~ -^i,2fe+2 ~ 1] 



(46) 



M&£t? } .*>°- 



p(e- fe )|M) 



fe-2 fe-1 

E E 



II^L-fc+iI^fc-i - L ja k-2 + 1] nt^-J^^zfc-s - L h 2k-2 + 1] 



fc-2 



[-^i,2fe-2 — ij,2fe-2][ii,2fe-2 — £j,2fc-2 + 1] 



1/2 



(47) 



ni=-fe[ L i,2fc - i(,2fe-l] nf#/=-fc+l [^i,2fc-2 - £z,2fc-l] 



fc-2 



n^;L-fc+i [Li,2k-i - Li£k-i][Li,2k-i — i;,2fc-i + 1] 
If |M) £ V({M};Co,6)w and 



1/2 



w:&S- a }.*>i 



«/ > ^(-^ - 2 ))' ^,2fc+3 = ij,2fc+2 = Li = Mi - i, 

if k < ~{N + 1), then L^k-i = Li.2k = U = M 4 - i. 

In both cases the R.H.S. of (46) and (47) contain zero multiples (Li — L{) and therefore vanish. 
Proposition 4. 

p(fk)V{{M} m y,M m ,M n ) N = 0, t/ fc ^ (mm{ — i(iV + 3), m — 1}; max{^N , rt}). 

Proof. Let |M) € y({M} m) „; M TO , M n )jv. The relations that follow from (20) in this case are 
fc fc 

P (fk)\M) = - J2 E 
j=~k i=~k-i 



(48) 



(49) 
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X 



X 



I\ijij=-kl L h2k+l - L 3 ,2k+l][Li,2k+l - L h 2k+l + 1] 

Tlt=-k-l{ L i,2k+3 - L la k+2 + 1] H^ j= -kl L ''^k+l - U.2k+2 + 1] 1 2fc+2} , „ 

k I 2fc+l}> fc G Z +' 

IIi^=-k-l[-k*,2fc+2 — Ll t 2k+2][L>i,2k+2 ~ Llfik+2 + 1] 



fc-2 fc-1 

P (/_ fe )iM) = - Yl E W; 1 ) 
j=-fe+i i=-fe+i 



UiM = -k+li L i,2k-l - Lj.2k-2] Hi = 2-kl L h2k-3 ~ %2fc-2] 



fc-2 



Yli^j=-k+l\- L L2k-2 - L h 2k-2][Li,2k-2 ~ Ljflk-2 ~ 1] 



1/2 



(51) 



Yli=-ki L i^k - Ll,2k-\ - 1] rii^/=-fc+l [Li,2k-2 - U,2k-1 - 1] 



fc-2 



]lj^;=-fc+i[ i ^ 



i^i = -fc+l L-^i,2fe-l — ^L2k-l] [Li,2k-1 — ^l,2k-l 



1/2 



w{S: 2 } } ^>i- 



If A: > then ii i2 fc+3 = Li,2k+2 = L r ^k+i = L%,2k = Li = Mi — i and therefore (50) reads: 

p(/ fe )|M) = - ^ ^ s(j,Z;0)"' 



i=-fc i=-fc-i 



n^ = -fc-i[^-^]nt"-fc[^-^] 



K^-ki^-HiL.-h + l] 



Above only the term with j = k survives: 



1/2 



p{f k )\M)=- $(M;o) 



l=-k-l 



n^=-fc-l[^ - L k] Hi=-k[ L i - L k] 



lM) -{l,2k+2} 
l JW i-b-,2fc+l} 



1/2 



Ht-kl^-LkWLi-^ + l] 



nt + -fc-i[^ - Li + 1] n-=- fe [^ - i« + 1] 



n^=- fe _i[^-^][^-^+i] 



1/2 



i Mr {I,2fc+2} 
l JW /-{fc,2fc+l} 



= -S(k,k;0) 



Ut-k-i^ - Lk] Uil-k-ilLi -Lk + l] U£L k [Li -L k + l] 



rfc+l 



fc-1 



Ilt-klL* -Lk + l] Y\t-k-i\Li - L k ][L t -L k + 1] 



1/2 



|Mr {fc,2fc+2} 
\ 1V1 )-{k,2k+l} 



fc-1 



E S(k,l;0) 



n^=-fc-i[^ - n£Yifr - + 1] nt~-fc[^ - ^ + 1] 



fc-i 



;=-fc-i 

In the last term I ^ k. Hence 



nt- fc [ii - £ fc + 1] n^=-fc-i ^ - - ii + 1] 



1/2 



, Mr {I,2fc+2} 
l JW J-{fc,2fc+l}' 



fc fc-1 

n & - l ^ = ^ - L k ] n ^ -Lk]=o 
ijti=-k-i ijti=-k-i 
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and therefore it vanishes. Then 

r r , ,1 

-{fe,2fc+2} _ _ ,,, r . nil/2 ,^-{fe,2fc+2} 



p(/fe)|M) = 



n£i*-ifr-J* + i] 12 



n-=Vi[^-^ + i] 



w:s:^ = -i[^i-^ + i]i^w:i^ 



i.e., 



p(/ fe )|M) = - |[M fe+1 - M fc ]| 1/2 \M)Z\lf k ll\. (52) 

If fc > n then M fc+1 = M fc and p(fk)\M) = 0. In a similar way one derives from (51) that p(f k )\M) = if 
k < min{ — ^(N + 3), m — 1}, which proves (49). [] 
Proposition 5. 

p(/i fe )F({M} min ; M m , M n )jv = 0, if ki (min{-^(N + l),m};max{^N,n}). (53) 

The proof follows easily from (21). 
Set 

rjv = max{-(N + 3), 1 — m, n}. (54) 

From the last three propositions one concludes: 
Corollary 1. If k £ (—Vn'^n), then 

p(h k )V({M} m . n ; M m , M n ) N = p{e k )V({M} m . n ; M m , M n ) N = p(f k )V({M} m y, M m , M n ) N = 0. (55) 
Proposition 6. p(U h {n+) )V{{M}; £ , C V({M};£ ,€i)n for any N G N. More precisely, 

If S(f3)c(-^^;^-^)=I N , then p(U h (n + ) +fj )V({M}^ a ,^) N CV({M};( ,^) N . (56) 



// S(P)£ In, then p(U h (n+) p )V({M}^ , = 0. (57) 
Proof. From (20) (or directly from (46) and (47)) one concludes that 

p(ej)\M) G V({M};(o,a) W , V j G (-^±H;^^1) and V |M) e V({M};Z , (58) 
Hence (56) holds. 

Assume S(/3) In and let Pp be a monomial of the generators e i} i G S(/3). can be represented as 
Pp = Q'enQ, where Q depends only on the generators ej with j e S(j3) fl /jv and n £ In- Then (58) yields 
that p(Q)\M) G V({M};£ ,£i);v and therefore (Proposition 3) p(Pp)\M) = p(Q')p(e n )p{Q)\M) = 0. [] 

Proposition 7. Let u be any element from UhiA^), represented as in (38). Then 

oo l(k) _^ t(a,0) 

E^E^)' E E E ^a,w,on*) 7M vfc-i,t)i M )enw m , n ;^m,M B ) (59) 

fe=0 (=0 a,P&Q' + 7(fc,Z)GZ~ t=l iSZ 

/or any M) /rom ifte frasis T({M}) of V({M} m y, M m , M n ). For a fixed k the number of the non-zero 
summands in (59) is finite. 
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Proof. In order to prove the proposition it suffices to show that 

t(c,/3) 

E E E K^a,fc,i,t)n^) 7(M)< ' , ^.fc.',t)l M ) e^P}™,»;M m ,M„). (60) 
a,[3£Q' + 7 (fc,*)ez~ i=l ieZ 

Assume that |M) G V({M} mjn ; M m , M n )jv and let /3 be the weight of |M). Since £p,k,l,t € Uh{n + )p, 
p(£/3,k,l,t)\M) G y({M} mi „;M TO ,M„)jv (Proposition 6). Each p(£/3,fc,j,t)|M) has a weight /? + /3 and the 
nonzero vectors p(^g,fc,i,t)|Af), corresponding to different /3 G Q+, are linearly independent (over C[[h]]). 
Since V({M} m .„; M m , M„)n is a finite dimensional subspacc, p(£p t k,l,t)\M) ^ only for a finite number of 
/3 G Q' + . Hence the sum over j3 in (60) is finite. Setting p{£p t k,l,t)\M) — v/3,fc,z,t G ^({A^}™,™; -^mj M n )pj, 
we obtain for the L.H.S. of (60) 

E E E P{?«,ku)X{p{hiV {k > l)i vp, kU . (61) 
«,/3eQ^ 7 (fc,i)ez~ t=i iez 

We proceed to show that the sum over a and 7 in (61) is finite too. Without loss of generality we assume 
that every J- a .k,Lt IliGZ hj^' 1 ^' is a monomial of hi} ie z- Consider any term from (61), corresponding to 
a particular pair (a, 7): 

P(?a,k,l,t) II P(^) 7(M) *W,M- (62) 
iGZ+ 

Let F{a,*f) be the connected components of 5(a,7): 

•^(",7) = {-^,6* = WM] \i = 1,2, ...,n}, a, < b, G Z, |<Zj - 6j | > 1, if i ^ j. (63) 

In (63) we do not distinguish between a connected component 7 0i) 6 i (beginning in dj and ending in 6j) and 
the corresponding to it finite integer interval [a,;^]. Then 

n 

ieZ + i=l 

where T% is a monomial of fj,hj, j G [a^;^]. From (1) and (3) it follows that the multiples Ti in (64) 
commute. If [af,bi] G (— 00; — rjv] or [ai]bi] G [r/v;oo), then Corollary 1 yields that /3(^ r i)w/3,fc.;,t=0. Hence 
also p{T a ^ ut )]\ l£7i pih^^v^k^t = 0. Thus, the sum in (60) is over such pairs (a, 7), for which 
all connected components of S(a,~f), namely the elements from T(a, 7), have nonzero intersection with 
(— rjy; rjy). There is only a finite number of pairs (a, 7) with this property for which Int(u, k, i) is finite. 

The conclusion is that the L.H.S. of the series (60) contains a finite number of non-zero summands. 
Since the generators of U^A^) (see (19)-(22)) transform V'({M} m> „; M m , M n ) into itself, (60) holds. Hence 
(59) holds too. [] 

Based on Proposition 7, we extend the domain of the operator p on Uh(Aoo), setting for any u G £^i(Ax>) 
(see (38)) 

oc l(k) t(a,/3) 

p(u) =J2 hk Y. E E E P(^.k,u) I] P(hi) l{k ' l)i p{£p,ku) G EndV{{M} m . n - M m , M n ) 

k=0 1=0 a,0£Q' + 7(fc,Z)GZ~ t=l ieZ 

(65) 
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The map p is a homomorphism of f/fc(^4oo) m End V({M} m y, M m , M n ). It is continuous in the h— adic 
topology. Hence p defines a representation of Uh{Aoo) in V({M} m y, M m , M n ), which is a highest weight 
irreducible representation (since it is a highest weight irrep with respect to the subalgebra Uh(o,oo))- 

Let v = J2kez + h k v k , v k G V({M} m . n ; M m , M n ) be an arbitrary element from V({M} m ^ n ; M m , M n ). 
Since each v k is a finite linear combination of C-vectors, for any fc £ Z + there exists an integer N k > 1 such 
that v k e V({M} 

m,n\ M m , Af n )jv fe - Then from (55) and (57) one concludes that the following properties 

hold: 

1. p(U h (n + ) p )v k = 0, if S(f3) <t (-rN k ;r Nk ), 

2. p(Uh(n-)- a )vk = 0, if S(a) C (-oo; -r Nk ] or S(a) C [r Nk ; cx)), (66) 

3. p(hi)v k = 0, i/ |«| > rAT fc . 

Therefore each finite-signature representation of J/j^A*,) in V({M} m _ n ; M m , M n ) is a restricted representa- 
tion (see Definition J^.l\x\ Ref. [8]). 

Let us mention in conclusion that the Vhifloo) modules V({M}; £i), which are not of a finite (m,n) 
signature and for which £o ^ M m , £i ^ M n , cannot be turned into Uh{Aoo) modules. In order to see this 
consider the transformation of the highest weight vector \M) under the action of the operator / = X)iez ^» ^ 
^(^oo)- From (21) and (35) one obtains: 

(0 oc \ 

(Mi - Co) + J2( Mi - i^)- ( 6? ) 
i— — oo i— 1 / 

Only in the finite-signature modules V({M} m y : M mi M n ) is the R.H.S. of (67) not divirgent. 

We were dealing with algebras and modules over C[[/i]]. The algebra Uh{Aoo) is however well defined 
also for h being a fixed complex number h c , such that h c £ i7rQ, namely in the case q — e hc is not a root of 
1 [8]. In that case the representations we have obtained remain highest weight irreps of /7? lc (A oc ) realized in 
infinite-dimensional complex linear spaces. 



Appendix. 

Here we outline the main steps in the proof of Proposition 1. 

1. The equations 

[p{c),p{a)]\M) = 0, ae{hi,ei,fi}i e z (Al) 
[p(h i ),p(h j )}\M)=0, (A2) 

are evident. 

2. The validity of 

(\p(hi), pie,)} - (% - 5 iJ+1 )p(eij) \M) = 0, (A3) 
(\p(hi), P (.U)} + {Sa - Sij+Jpifjj) \M) = (A4) 

follows easily from (19)-(22). 
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3. We proceed to show that 



Wi), p(fi)] - [p(hi) - p(h l+l ) + (6(-i) - 0(-i - l))p(c)] |M) = !£ Z. (A5) 



3a. The case in (A5) with i 6 Z + . Applying the transformation relations (20), (21) and rearranging the 
terms in an appropriate way, we obtain 

(V(e fe _i), p{f k -i)] - [p(h k -i) - p{h k ) + (6(-k + 1) - 9(-k))p(c)]j \M) = A 2k \M) 
fe-i fe-i fc-i fe-i 

(A6) 

+ E E ^.^wi^-i+E E c 2fe _ 1;P;i |M)i- 2fe 2 > } , vfcGN, 

_7=— fc+l m=— fe+1; m^j l — — k p— — k; p^l 

where 

^ fe = E E E nfc-i — 7} f n?7 r 1 — ii — x 

s=0 j=l-k l=-k \.U^j=l-kV L iflk-l - L j,2k-l + S\[L^2k-l - ^j,2k-l + S - 1J 



IlL-fc[^,2fc+l - ^i,2fc + g] n^/=i_fc[-ki,2fc-l - ^i,2fc + g] 
rii^L-fe[-^i,2/c - i(,2fe + s][Li,2fc - L\. 2 k + S - 1] 



fe-1 fc-2 fc fe-1 

E L 3?k~\ - E L oak~2 - E i J.2fe+ i + E - 

j=-fc+l j=-fc+l j=-fe j=— k 



»2fc,j,m = - 2^ I- 1 ) ppfe=l = " " 7 ~, . 

s =0 l=-k lli^l = -kl L i^k - U,2k + s\[L, i2 k - U.2k + S - 1\ 

n ^ / 1 ^ s 'rir=l-fe[^,2fc-2 -Lj^k-1 - •?'] rir=-fc;r#Z.p[^,2fc - £j,2fc-l ~ s'j 

C 2 fc-i, P ,i - 2^ — j=ffc^T 7} } 3T77 ■ } ■ 

s'=0 j=l-fc llr#j = l-fc^'-,2fc-l - h 3,2k-l - S \[W,2k-l ~ L j,2k-1 ~ S + i\ 



(A7) 
(AS) 
(A9) 



The R.H.S. of (A6) does not contain all terms, which would appear immediately after applying the trans- 
formation relations (20) and (21). The terms, which cancel out in a straightforward way, have already been 
removed. 

We proceed to show that A 2 k = &2k,j,m — C 2 k-i,p,i — or, which is the same, we prove the identities 
(23a), (24a) and (24c). 

1°. We begin with A 2 k = 0. Each such coefficient is a formal power series in ft, A 2 k = a kih l ■ In order 

to prove that A 2 k = we have to show that ati = for any k and i. To this end replace ft in (A7) by a 
complex variable ft 6 C, so that ft takes values on any curve 7 C C and ft £ iirQ. Then the complex function 
A 2 k is well defined for any /167 and A 2 k = a kih l . Therefore aki = if the function A 2 k of ft 6 7 

vanishes. Since ft e C appears in A 2 k only through q = e h / 2 , it suffices to show that the function A 2 k = 
for q being a number, which is not a root of 1. 
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Let g € C be not a root of unity. Setting 

q 2L *-*-**-i = Ai, i = l,...,2fc-l, 

g2i*-»-i,2* = Bjj j = l,...,2fc, 

g 2i <-*-i."+i = i = l,...,2fc + l, (A10) 

g 2i - fc . 2fc - 2 = A, i = l,...,2fc-2, 
2fc = n, 

one represents .4 2 fc = in the form 

^ _ n V y g n^i (^- - i- 2 s t ) ng (^- - t 2 a) na 1 - o) nr^li (g» - ^) 
_ g g 9- 1 n^=i(^- - Si) iitM- - a) nri 1 ^ - <? 2 ^) nr # 7=i( s ' - ^) 



A^ n^/=i(^ - M){Ai fAi) m^ABi - Bi){Bi - q 2 B t ) 



3=1 1=1 

jn — 2 7-j -1— rn+1 



(9 9 H 9 nirMniu^ 



(All) 



which can be written also as 



A _ gniii(^ - t 2 ^) nr=i 2 (^- - t 2 a) a g- 1 nr^ 1 ^ - ^ 11117 ( a g 2 ^) 

-(g - g' 1 ) f 1 - g 2 ^ A ^ Cl 1 , (A12) 



where 



and 



n—l T\ n I A H\Tf n - 2 / 



3 

Consider the complex functions: 



n ^ lV J J - . (All) 

tt MBi q 2 Aj) U^=Mi A ^ A i ^ 



The function /i(z) (resp. f2{z)) is analytic in the extended complex plane CUoo except in its simple poles 
q 2 A 3l B u ...,B n , q~ 2 Bx, . . . ,q~ 2 B n (resp. g~ 2 A, A 1 , . . . , A„_i, g 2 Ai, . . . , g 2 A n _i). Let C be a closed 
curve whose interior contains all poles of fi(z) (resp. f2{z).) The Residue theorem of complex analysis 
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implies that § c fj(z)dz = 2ni^2Res(fj(z)), j = 1,2. On the other hand fi(z) (rcsp. f2{z)) has no poles at 
infinity, Resfj(oo) = 0. Therefore § c fj(z)dz = 0, j — 1, 2. Hence 

£ iie*(/^)) = 0, j = l,2. (A16) 

all residues 

From (A16) we obtain 



p , 2 , , ntT(g 2 ^- - n^U(g% - Aj) 



(A17) 



-E 



^ B,(«- 2 B, -?%•) 11^=1 (Bj -g^BO' 



2 n?^i(^-g 2 ^)nrji 2 (g- 2 ^-A) 



(A18) 



E 



Inserting (A17) and (A18) into the R.H.S. of (A12) one ends with an expression for A n , which contains only 
simple sums: 

-1 / / ,( TT«-1 / A A \TI n I A „-4 n \ / / t~> FT" ^ n n MT"-^ 



« - ^ ^ nr^=i(^- - ^) nr=i(^- - t 4 ^) ^ niu=i(^ - so nr=i - g 4 ^) 



2 nt" 1 2 Ant + 1 1 a 

In order to show that the R.H.S. of (A19) vanishes consider the function 



^nr^-^niii^-g- 4 ^ 



/<*) - 1A %v-i7* ::^ v (^0) 



This function is a meromorphic function in the extended complex plane, having a simple pole also at infinity. 
Then the Residue Theorem, applied to f(z), yields that the R.H.S. of (A19) vanishes. 
For further reference we write down the identity, which we have proved: 

h h AjBi YF^Mi AiMi g- 2 ^) Y\^i=i(Bi Bi)(Bi q^B t ) 

y^ 1 f, i- 1 nu=Mi Bi) n?=i 2 (4,- - go u:= 1 1 (b 1 ^ n^U^ 
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In particular (see (All)) A n — Aik = 0. 



2°. We pass to show that B2k,j,m = (see (A8)). Without loss of generality we may write it as 

„ V- V^/ lAs rir=-fc[£r,2fc+l - U,2k + s]H k r J_ k [L' r2k _ 1 - L^ 2 k + s] 

B2k,j,m = -2^ l^y- 1 ) 7Tk—i 7} ; T177 r 1 Y ' ( ' 

s=0 l=-k llr^l=-ki L r,2k ~ M,2k + S\[W,2k ~ ^L2k + S - ij 

In order to obtain (A22) we have relabeled the indices of Li^k-Y- 

{Li,2k-l}ie{l-k;k-l},ijtjjtm = {-^i,2fe-l}ie{-fe;fe-4}- (A23) 

Setting in (A22) i = I + k + 1, t = r + k + 1 and introducing the notation 
Lt-k-i,2k = at, t=l,...,2k, 



(A24) 



L t -k-i,2k+i — h, t = 1, . . . ,2k — 1, 

Lk,2k+i = C2k-i, ife-i,2fe+i = c2/t-2, L t _ k _ 12 k-i = Ct, t = 1, ... ,2k — 3, 
2k = n, 

we rewrite B n ,j, m in the following form: 

^ = -e D- i )' P? il[ T^" a] ?r [a< " ct Zi! - (A25) 

S Ilt^i=i [Oi - a t - s] [<*i - at - s + 1] 



In order to prove that B n j, m — it suffices to show that 



v V( ^ rnuV' -bt-s] Ut=i[ a i -*-s] = 
j^ti nr^=i k - <»t - *] [o< - o* - « + 1] 



(A26) 



for q e C being not a root of 1. Assume this is the case and set q 2ai = A,- L , q 2bi = B- L , q 2Ci = Ci. Then the 
L.H.S. of (A26) becomes 



qn -i n « = -i sy2 C i/2 ^Ai\ u^i=Mi - A t ){A t q 2 A t ) nr*=i(^ - A t )(^ - 9 - 2 A t ) ; 

Consider the complex function 

This function is analytic in the extended complex plane except in its simple poles A t , q 2 A t , t = 1,2, ... ,n. 
Therefore the sum over all residues of f(z) vanishes. It is a simple calculation to see that 



Res{f{Ai)) + Res{f{q 2 A l )) = 

i=l i=l 

1 1 (KZl{^-q 2 B t ){A l -q 2 C t ) K:l(A t -B t ){A t -C t ) 



1 - I 2 U A > V n^=i(^ - ^)(^ - 1 2 A t ) - At){A t q- 2 A t ) i 
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0. (A29) 



Hence (A26) holds and therefore B n j, m = B2k,j,m — for any k, j and m. 

3°. The proof of C2fc-i,p,i = is similar to the previous case. Relabeling the indices of L i;2 fe, one writes (A9) 
as 

n , llr=l-fc [ L r,2fc-2 - Lj,2k-1 ~ s'] ]lr=l-fe [ L 'r,2k ~ L J,2fe-l ~ s'] 

C 2 fe-i, P ,; = 2v 2v (-!) T^i — — -■ (A30) 

s'=0 j=l-fe llr^j = l-kl L r,2k-l ~ ^j,2fc-l - S J[-L r ,2fc-1 - %2fc-l ~ S + 1J 

Setting in (A30) i = j + k, t = r + k and introducing the notation 

a t = L t -k,2k-i + lj * = 1, - . . ,2fe — 1, 
h = L t -k,2k-2, t = 1, . . . ,2fc - 2, 

ct = iU,2*, * = l,...,2fc-2, (A31) 
s = 1 - s', 
n = 2fc - 1, 

we obtain for C 2 fc-i, P ,( = C„, p ,z: 

^ j~i Ut^i=i[ a i - a t - s][ai - a t - s + 1] 

It has already been shown (see (A26)) that the R.H.S. of (A32) vanishes. Hence C 2 fc-i, p j = 0. 

The conclusion so far is that the R.H.S. of (A6) is also equal to zero, i.e., Eq. (A5) holds for any i G Z+. 
It remains to prove (A5) for i £ Z+. 

3b. The verification of (A5) corresponding to i = — 1 is based on Eqs. (19), (21) and is very simple. 

3c. The proof of (A5), corresponding to i < —1, is similar to the case with i G Z+. Applying the transfor- 
mation relations on an arbitrary C— vector and rearranging the terms in an appropriate way, one obtains: 



(Je_ fe _i, /_ fe _i] - [h. k -i - h_ k + (6(k + 1) - 9(k))c]j \M) = A 2k+ i\M) 

k— 1 fe— 1 fe & 

+ E E ftH-ij,™MiS* } +E E ^.«i^)i'gS2i } . v^n, 

j— — k m=—k; m^j l — — k p— — k; p^l 



(A33) 



where 



^2fc+i=2^ 2^ Zvt- 1 ) fffe^i — 17 ; T77 t TT^ : 

lU=£3 = -kl L h2k - L,j,2k - S\[L it 2k - L'jfik - S + 1J 



s—0 j — — k l — — k 



Y\i=-k-l[ L i,2k+2 ~ L^2k+1 ~ s] Ylj^j^kjLj^k - L lak+1 - s] 
Ili^=-k[-k*>2k+l - Li y2k +l - s][Lj,2fe+l - Ll,2k+\ - S + 1] 

fc fe-1 fe-1 

E L 3,2k+2 - E L 3ak+l - E ^'> 2fc + E L j,2k-l - 1 
j=— fc— 1 J=-fe j=— fe j= — fe+1 



(A34) 
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B 2 k+i, j>m = - l^i- 1 ) — 7i jttz 7—7 — ^ 35 ) 

s'=0 l=-k lli^=-fc[^i,2fc+l - M,2k+1 ~ S \[M,2k+l ~ M,2k+1 ~ S + 1J 

c = \p , 1)s Ut=-k;i^l,p[ L h2k+l - L jt2 k + S] Ui=l-ki L h2k-l ~ L].2k + s] 

2k,p,l / f / j \ ) T-fk— 1 rr T irr r 1 1 

s =0 j=-fc 1 li^j=-fc LKzfc - ^,2fc + S| l^i,2fc - ^j,2fe + S - 1J 

Also in this case we show that A 2 k+i = B 2 k+i,j,m = C 2k , p ,i = (which is equivalent to the proof of the 
identities (23b), (24 b) and (24d)). 

The R.H.S. of (A34) reduces to the L.H.S. of (A21) after the substitutions: 

q^i-k-i,™- 1 ) = Ai, i = l,...,2k, 
gr 2L *-*-i.^+i = Bi, i= l,...,2fc + l, 

g 2(L t _ fc _ 2 , 2fc+2 -i) = Cu j = i ) ... ; 2fc + 2, (437) 
q2Li-k,2k-i — i = l,...,2fc-l, 

2fc+ 1 = n, 

Hence A 2k +i = 0. 

Relabeling the indices of L^ 2 fe+2 and L^fc similar as in (A23), one writes (A35) as 

rfe+l t t i j- /ITT*:- 3 



(A38) 



(439) 



„ , -.ss' Ur=-k [ L 'r,2k+2 ~ L l,2k+1 ~ s'} ]\ r= _ k [L' r2k - L[, 2k+1 - s'] 

g / =0 (= _ fc rir#;=-fc[ L n2fe+i - Li t2k+ i - s'][L r> 2k+i - L ii2k+ i - s' + 1} 

Setting next i = I + k + 1, t = r + k + 1 and introducing the notation 

a t = L t -k-\, 2 k+i + 1, * = 1, . . . , 2fe + 1, 
&t = ^t-fe-l,2fe+2) t = 1, . . . , 2fc, 
C t = it_A;_i : 2A; : t = 1, ... ,2k — 2, 
C 2 k-\ = ^2fe+l,2fc+2i c 2fe = L' 2k+22k+2 , 

n = 2k+ 1, 
s = 1 - s', 

one casts the R.H.S. of (A38) into the L.H.S. of the identity (A26). Hence £>2fc+i,j,m = 0. 
Similarly, relabeling the indices of Li.2fe+i and L^ 2k _\, one writes (A36) as 

n -ST I ^ s ntJ~kiK, 2 k+l- L J,2k + s]]]rJ- k [ L r, 2 k-l- L J,2k + s} 

C 2k , P ,l=)^ 1^ (~ X ) -prfc-l 7} } ~ 77—' ( M0 ) 

s=0 j=-k ll r7 ij=-kl L r,2k ~ ^j,2k + S\[L ri 2k ~ ^j,2k + 8 - Ij 

A subsequent substitution with i = j + k + 1, t = r + k + 1 and 

h = L' t -k-i,2k+ii t = 1, . . . , 2fc — 1, 
at = L t -k-i,2k, t = l,...,2k, 
c t = L' t _ k _ 12k -i: t = 1, . . . , 2k — 1, 
n = 2k, 
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(441) 



yields again the L.H.S. of (A26). Hence also C2k,p,l = 0. 
This proves the validity of Eq. (A5). 



(AM) 



4. The last Cartan relation 

[p(e i ),p(f j )]\M) = 0, i + j (A42) 
is easily verified, ifi+j^{ — 1,— 2}. There remain four other cases: 

[p(e k -i), P (f-k-i)]\M) = 0, [p(e fc _i),p(/_ fe )]|M)=0, k e N, 

(A43) 

[p(e. k -i),p(fk-i)]\M) = 0, [p(e_ fc _i),p(/ fc )]|M)=0, fceN. 
We consider as an illustration the first case. It reduces to the following expression: 

k fc-i fe-i j-i 

[p(e k -i),p(f-k-i)}\M)= E E E S(i,i;l)%,«;0)S(m,j;0)S( S ,!;l)S(s,j;0) 

l—^km—l — k j — — ks— — k 

( Il'i=il = - k [ L h2 k +l - Ljfik] n^m=l-fc[^,2fc-l ~ ^j,2fc] \ 
V n»=-fc;i^j, s [- C '*,2fc - Lj i2 k][Li,2k - L ji2k - 1] / 

( n^-fc-1 [Li,2k+2 - L^2k+l - 1] IIiL-fc;i#j,s [-k»,2fc ~ ^,2fc+l - 1] \ 
\ rii^=-fc[-^i,2fc+l - i(,2fe+l][ij,2fc+l - £j,2fc+l - 1] / 

/ riiL-fc;i# S ,j[^.2fc ~ ^m,2fc-l ~ 1] Y[j=l- k [ L i,2k-2 - Lmfik-1 - 1] \ 
\ n^m=l-fe[-^i,2fe-l — L m ^2k-l][Li,2k-l — ^m,2fe-l — 1] / 

x / IL^-fc [Lj,2k+1 - Lsflk\ Uj^ m= i-k [Li,2k-1 - Lsfik\ \ ^ |^{s,2fe}; {j,2fe} 

\ IIi=-k;i^ s ,.j [^,2/5 - -t-s,2fc] [ii,2fe - i s ,2fc - 1] / 

In terms of L m ,2fc-i = a, £j,2fc = i s ,2fe = c, L^ 2 k+i = d, Ai im ,j,s reads: 

_ [o-ftjjc-d-1] [a-6+l][c-d] [ a -c][b-d-l] [a-c+l][b-d] 

[c-b-1] [c-b+1] [b-c-l] + [b-c+1] ■ [ ' 

From the identities 

[a-b][c-d-l] [a-c+l][b-d] _ [a-b+l][c-d] [a - c][b - d - 1} 

[c-b-1] + [b-c+1] ~ [a dU [c-b+1] [b-c-l] ~ [a rfJ - 

one conclude that ^4; lTO ,j lS =0. 

This proves the first relation in (A43). The other three equations are proved in a very similar way. Hence 
(A42) holds. 

5. We pass to show that the first e— Serre relation 

[p(e i ),p(e j )][M) = 0, (A47) 
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holds. It is straightforward to verify (A47) for i + j ^ { — 1,-2}. From the other two cases 
[p(e k - 1 ),p(e- k -i)]\M) = 0, [p(e k - 1 ),p(e- k )]\M)=0, k e N, 



we consider in more details the first relation. Then 



fc fc-1 



Wk-i),p{e-k-i)]\M)= 12 

j— — k m—\ — k 



U.i=- k -i[L t ,2k+2 - Lj^k+i] Y[ k i=_ k [Li,2k - Ljak+i] 



Ui^j=- k [ L i,2k+l - Lj^k+l][L it 2k+l - L].2k+l + 1] 



1/2 



(A49) 



n^/=-fc[^,2fe - ^m,2fe-l - 1] Ui=l-k\-^h2k-2 ~ ^m,2fe-l ~ 1] 



k-2 



Tli=im=l-k[Li,2k-l - L m .2k-l][Li t 2k-l - £m,2fc-l ~ 1] 

Here Bik,j,m is the same as the L.H.S. of (24a). Therefore {p(ek-i), p(e^k-i)] \M) — for k e N. The 
verification of the other cases in (A48) is similar and is again based on the identities (24). 

6. Verification of the second e— Serrc relation (2b) 



1/2 



p(e 2 i)p{e i+1 ) -{q + q 1 )p{e l )p{e l+1 )p{e l ) + p(e l+1 )p(ef) \M) = 0. 



(A50) 



We prove (A50) for i + 1 = k e N. From (20) we obtain: 



P(4-i)p( e fe) - (Q + 1 1 )p(efc-i)p(e fc )p(e fc _i) + p{e h )p{e\_ x ) \M) 



k k k— 1 k—1 m—1 r—1 



12 12 12 12 12 T, M*>*P> m >™W*>wM^ 



s — — k p——l—k m—l — k r— — k j=l — k l — — k 



k k fc-1 fc-1 r-1 

12 12 12 12 12 ^( fc ; s 'P' m ' r '0^(fc;^s,oi^){!;2fc+iM { rS 

s — — k p——l—k m=l — k r— — k l — — k 



k k k—1 k—1 m—1 

12 12 12 12 12 ^( fc ' s <P' m ' r '^ c ( fc ; r ' s <j' m )^ 

s — — k p— — l — k m=l — k r— — kj — l — k 



12 12 12 £ B(M,J» I m 1 r)I)(fc;r ) .)|M)^ : J} 

;=— k p— — 1 — fc m=l — k r— — k 



{p,2fc+2}, 2{m,2fc-l} 
r,2fc} ' 



(A51) 



where; 



A(k;s,p,m,r,j,l) = — — — . 

S(l,s;l)S(r,j; l)S(l,m; 1) 



[ij,2fc-l - im,2fc-l][ii,2fc - £r,2fc] 



Ili i tp=-k-ll L i^k+2 - L s ,2k+1 - 1] Ui^rd;i=-kl L i^k - L S ,2k+l - 1] 
n^s=-fc[^i,2fc+l - ^s,2fc+l][ij,2fc+l — is,2fc+l - 1] 



23 



I\i^p=-l-kl L i^k+2 - L pa k+2\[L t ,2k+2 - Lp^k+2 - 1] 



1/2 



rii^J;i=-fe[^'*>2fc - L m,2k-1 ~ 1] 11*= l*-* [ L i,2k-2 ~ L m . 2 k-1 ~ 1] 



fe-2 



n 



fe-i 

i^m,j;i-- 



--l-ki L h 



2k-l 



- L 



m,2k-\ 



][Li, 



2k-l 



- L 



m,2k-\ 



Yli^s=-k\- L h2k+l - Lr,2k\ Tli^L,j;i=l-k\- L h2k-l ~ Lr,2k] 



-1] 
1/2 



1/2 



rfc-1 



li^l,r;i— — k t 



-k\Li,2k ~ L r ,2k][Li,2k ~ -^r 



2fc 



1] 



rii=t;,r;j=-fe[^' i . 2fe 



Lj,2k-1 - 1] Tli=l-ki L i,2k-2 - Lj.2k-1 - 1] 



n 



fe-i 



=l-fc[-k*> 



2fc-l 



J i,2fe-1 
fc-1 



2fe-l 



J i,2fe-i 



IIi^ s =-fc[-^,2fc+l - i;,2fe] U. i7 tj t m;i=l-ki L h^-l ~ L 



-1] 

1/2 



2.2fc 



Ui^l]r=-ki-^i,2k ~ ^i,2fc] [£j,2fc ~ ^l,2k ~ 1] 



1/2 



(A52) 



-B(fc; s,p, to, r, I) 



S(s,p; 0)S(m,r; 0)S(m,l;0) 



S(r,s;l)S(l,s;l) 



[L 



l.2k 



L, 



2 k 



Ui^p=-k-li L i,2k+2 - L s ^k+l - 1] T\i=-k[ L i,2k ~ L S ,2k+l ~ 1] 



n^s=-fe[-^*.2fc+l - ^s,2fe+l][ii,2fe+l - £s,2fc+l - 1] 

rL fc =-fc-l[^2fc+3 - ^p,2fc+2] n^^-fc[^,2fc+l - £p,2fc+2] 
Ui^p=-l-k\- L i,2k+2 - L pa k+2][Li,2k+2 - £p,2fc+2 - 1] 



1/2 



1/2 



Y[i=-ki L i,2k - L mi 2k-1 - 1] Ut=l-ki L 



fe-2 



i,2fc-2 



,2fc-l 



IIi/m=l-fc[^2fc-l 



im,2i-l] [Li t 2k-1 
fc-1 



n^ s =-fc[^,2fe+l - £r,2fc] n^m=l-fc[^^2fc-l - £ 



L m ,2k-1 — 1] 
1/2 



1/2 



,2fc 



I\i^rd = -ki L i,2k 



L r ,2k][Li,2k — L r2 k — 1] 



n»^l,r;i=-fe[-^» 



2fc 



,2fc- 



i - 2 ] IL fe =i 2 -fc[£;,2fc-2 - i m ,2H - 2] 



1/2 



n^m=l-fc[-^i,2fc-l _ ^m,2fc-l — l][£i,2fc-l — £m,2fc-l - 2] 



n^ s ^-fc[^,2fc+i - £;,2fc] n t fc ^m^i-fc[ L ^2fc-i - £ 



/.2fc 



~[li^l]r=-klLi,2k - L^2k][Li,2k - J-*l,2k - 1] 



1/2 



(A53) 



C(k;s,p,m,r,j) 



S(s,p; 0)S(m,r;0) 



S(j,r;0)S(r,s; 1) [£j,2fc-i - L m ,2k-i] 



n: 



.i[Li.. 



2k+2 



^s,2fc+l 



J s,2fe+1 



1] 



IL^s=-fc[^2fc+l - i s ,2fe+l][ij,2fe+l - £s,2fc+l - 1] 



1/2 



Ili=-fc-l [Li,2k+3 - Lp^k+2] n^ s =-fc[-^i,2fe+l - ^p,2fe+2] 



1/2 



n 



j,2fc+2 



J p,2fc+2] [ij,2fc+2 



- L 



p,2fc+2 
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Hi^r=-k [Li,2k — L my 2k-1 - 1] Ut=l-ki^h2k-2 - L m . 2 k-1 - 1] 



fe-2 



Hijt m ,j;i=l-k[^i,2k-l 



L m ak-l][Li,2k-l - im,2fc-l - 1] 
1/2 



1/2 



rii=-fc[ L i,2fe+l - ^r,2fe] nLl-fet-^i.afe-l ~ L »\2fc] 



n 



n fc-i 

1 Li^r= — k 



fc-1 



[Lifik — L r ^2k][Li,2k ~ L r ^2k — 1] 



fe [-E<i,2fc - L jt 2k-\ - 1] ]li=l 2 -fc[ i ^2fe-2 - L jt 2k-\ - 1] 



n^ m;l =l-fc[^,2A;-l - L ja k-\][Li,2k-l - Lj,2k-1 - 1] 



1/2 



n^ g ^-fc[^,2fc+l - L r\2k - 1] U^l m . i= i-k\- L i^k-l - Ly.2k - 1] 



Y[i^r=-klLi,2k — ^r,2k — 1] [£i,2fe _ ^r,2k — 2] 



1/2 



(A54) 



D(k;s,p,m,r) = -S(s,p;0)S(r,s; 1) 



Vu± v =-k-\\ L %2k+2 - i S ,2fe+l - 1] I\i^r=-k\. L h2k ~ L S ,2k+l 



]li^ s =-fc[^i,2fe+l - L St 2k+l][Li,2k+l - L s ^k+1 - 1] 



1/2 



Ili=-fc-l [ L i,2k+3 - ip,2fe+2] n^ s =-fc[^,2fc+l - ^p,2fc+2] 



Y\i=Lp=-l-k[ L i^ 



2k+2 — l^p,2k+2][Li,2k+2 — -^p,2fe+2 



Ui^r=-ki^i^k ~ L mi 2k-1 ~ 1] Ylt=l-ki^h2k-2 - L m . 2 k-1 - 1] 



fe-2 



1/2 



rii^m=l-fe[-^i,2fe-l — L m ^k-l][Li t 2k-l - ^m,2fe-l — 1] 



1/2 



rii=-fe[-ki,2fc+l - £ r ,2fe] Ui^m=l-k\- L h2k-l - L r ,2k\ 



n^r=-fc[^i,2fc - Ir,2fc] [£i,2fc - £r\2fc - 1] 



1/2 



n^r=-fc[ L ^2fc - L m ,2fc-1 - 2] lli = i_ k {Li,2k-2 - L m ,2k-\ ~ 2] 



fe-2 



n^m=l-fe[-^i,2fe-l _ ^m,2fe-l - l][ij,2fe-l - iro,2H - 2] 



1/2 



rii^ s =-fc[^,2fc+l - ^r,2fc 



!] n^m=l-fe[^,2fe-l 



^r,2fe 



1] 



1/2 



rii^r=-fe[-^i>2fc - ^r,2fe - 1] [ij,2fe - ^r,2fe — 2] 
. 7 \ [ir,2fc — ^s.2fc+l — l][ii,2fc — L s 2k+l — 1] [A-,2fc — Lj2k-\ \[Ll,2k — ^m,2fe-l — 1] 

A(s,m,r,j,l) = — ' i r- — ' -H ^ f -f ' 

[■L>j,2k-1 — ^m,2fe-l — *-\[M,2k — ^r,2k — J- J 
_j_ [L r ,2k — L s ^2k+1 — l][Ll,2k — L s ^2k+1 — l][L r ,2k — -^m,2fe-l] [Llfik — ^j,2fe-l _ 1] 

+ 
+ 



(A55) 







[Lj.2k-1 


— L m ,2k-1 " 


f l][i/,2fe - 


_ ^r,2fe — 


1] 


[ir,2fe 


— L s ,2k+1 


-l][£l,2fc 


— L s ,2k+l — 


l][£r,2fc — 


L m ,2k-1 


- l][i;,2fe — ij,2fe-i] 






[Lj,2k-1 


— L m ,2k-1 


-l][i;, 2 fe- 


- L r ,2k + 


1] 


[ir,2fe 


— L s ^2k+1 


-l][Ll,2k 


— L s ^2k+l — 


l][ir,2fe — 


Lj.2k-1 - 


- l][i;,2fe - im,2fe-l] 



[ij,2fe-l — im,2H + l][i;,2fe - ^r,2fe + 1] 

— (<7 + g^ 1 ) t^ r - 2fc ~ -^JS,2fc+l][-^i,2fc - L s ^2k+1 - l][£r,2fc ~ ^j,2fc-l] [^i,2fc ~ ^m,2fc-l ~ 1] 

[Lj,2k-1 — L m .2k-1 - l][i;,2fe - ir,2fe - 1] 
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^ _l_ [A-,2fc ^ L St 2k+l] [Ll,2k ~ ^s,2fc+l _ 1] [ir,2fe _ im,2t-l][il,2t _ ij,2fe-l _ 1] 



(9 + T 1 ) 
(9 + T 1 ) 





[Lj,2k-1 ^ 


L m ,2k-1 + 2fc — -£<r,2fc 


-1] 


[ir,2fc 


— is,2*;+l — l][£j,2fc 


^ is,2fe+l] [£r,2fc ^ im,2fe-l 






[Lj,2k-1 ^ 


L m .2k-1 — ]][Ll,2k — L r ^k 


+ 1] 


[-^r,2fe 


- L s ,2k+l - l][i;,2/c 


— L s ,2k+l][L r ,2k — Lj2k-1 ~ 


- l][i;,2fc - ira,2n] 



+ 



+ 



[Lj.2k-1 — L m .2k-1 + l][i;,2fe - ir,2fe + 1] 
[ir,2fc - L s ,2k+l][Ll,2k - L S}2 k+l}[L r ,2k - Lj t 2k-l][Ll,2k - im,2fc-l ~ 1] 





[ij,2fc-l 


- L m ,2k-\ - l][-^;,2fc 


- L r ^k - 1] 




[ir,2fe 


- L a ,2k+l][Ll,2k 


- L s ,2k+l][L r ,2k — L m £k-l\[Ll,2k - Lj t 2k-1 - 


1] 




[Lj,2k-1 


- L mj 2k-1 + l][i(,2fc 


- Lr,2k - 1] 




[ir,2fc 


— L St 2k+l\[Ll,2k 


— L s ,2k+l][Lr,2k — L„ 


l,2fc-l — l][i;,2fe — ^j,2k- 


-l] 




[Lj,2k-1 


~ L my 2k-1 - 1][Ll,2k 


- L r ^k + 1] 




[ir,2fc 


— L s ^2k+l][Ll^2k 


— L s ,2k+l][L r ,2k — Lj 


2k-l — l][A,2fe - Lm,2k- 


-l] 



_l_ \J->r,2k — ^s,2fc+lj[-^<,2fc — -^s,2A:+lj[-^r,2fc ~ -^j,2fc-l ~ J-][Jvj,2fc ~ ^m,2fc-lj (A56) 
[ij,2/c-l - L„ h 2k-1 + l][i;,2fc - ir,2fc + 1] 



B(r si) — \-Lr,2k — L s ^2k+1 — l][-^/,2fe — L s ^2k+1 ~ 1] [£r,2fc _ ^s,2fc+l _ 1] [i;,2fc _ is,2fc+l _ 1] 
[■^/,2fe - £r\2fc - 1] [i;,2fc — L Tt 2k + 1] 

-(9 + 9 ) ' Ft f TT (l + <l ) ' FT 7 ~Tj ' 

[^l,2k — ^r,2k - J-J [-kj,2fc - ^r,2k + J-J 

_j_ [-^r,2fc ~ L s ^k+l] [L^2k ~ ^s,2fc+l] [L r ,2k ~ -^s,2fc+l] [^i,2fc ~ -^s,2fc+l] 
[i;,2fc — L r ^2k — 1] [^/,2fe — L r ,2k + 1] 



^/ . n [L r ,2k — ^s.2fe+l — 1] [L r 2k — is,2fc+l _ 1] 

C(r,s,j,m)- 



[Lj,2k-1 - L my 2k-\ — 1] [Lj,2k-1 - L my 2k-\ + 1] 

/ . _i N [L r 2k — is,2fe+l] / . -In ^i'.2fe — ^s.2fe+l 

(<? + ? )jf j—> --{q + q )- — y 

[ljj,2k-l - ^m,2fe-l - 1J [J-ij,2k-l - ^m,2fe-l + 1J 

[L r ,2k — L s ^2k+l + 1] [L r ,2k — ^s,2fe+l + 1] 



[L h 2k-1 - L rn .2k-1 - 1] [Lj,2k-1 - L„ h2 k-1 + 1] ' 
D(r, s) = [L r ,2A: — is,2fe+l — 1] — (<Z + 9 1 )[^r,2fe — £ S ,2fc+l] + [ir,2fc — L Sy2 k+l + 1] ■ 



(A58) 
(A59) 



In terms of L r ,2fe = a , L s ^k+i = b, L;,2fe = c , Lj^k-i = d and L mj2 fc-i = e the expression for 
^4(fc; s,m,r, j, I) coincides with the L.H.S. of (25) and therefore A(k; s,m,r, j, I) = 0. 

Setting L r ^k — L St2 k+i = b, L^ 2 k — L St2 k+i = a one obtains an expression for B(k; r, s, I) which is the 
same as the L.H.S. of (26). Therefore B(k;r,s,l) = 0. 
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In terms of L r ^k - L s ^k+i = a, £j,2fc-i = d and L m ^k-\ = e 

q/c, r, S , j, m) - [d _ e _i] + [d - e + 1] ' 

Hence (see (27)) C(fc; r, s, j, m) = 0. 

Finally, if L ra k - L Sy2 k+i = a, then V(k; r, s) = [a - 1] - [2] [a] + [a + 1] = 0. 
Therefore, 

^P(4-i)p(efe) - (q + <z" 1 ) j o(e fe _i)p(e fc )p(e fc _ 1 ) + p{e k )p{el_ x )^ \M) = 0, fc G N. 

The case (A50) with i = — 1 is easy to be proved; the cases with i < — 1 are proved similarly as for i > — 1. 
7. Verification of the third e— Serre relation (2c) 

(p{e 2 i+1 )p{ei) -(q + q' 1 ) p{e t+l ) p{e t ) p{e l+l ) + p( ei )p(e? +1 )^ |M) = 0. (A60) 

We prove (A52) for i + 1 = fc E N. From (20) wc obtain: 

( p{e 2 k )p{e k -i) -(q + g- 1 )p(e fe )p(e fc _i)p(e fe ) + / 9(e fe _i)p(e^ ) |M) 



fc— 1 fc— 1 fc fc m— 1 r— 1 

= E E E E E E /, r, r^, /, 1 ^{^^^^r^Sir 2 ' 

j — l — k l — — k m— — k r— — k—l s— — k p——k—l 
fc— 1 fc— 1 fc fc m— 1 

+ E E E E E ^i( fc ;j> z ' m > r > s ) B i( fc ; z ' m > s )l M )K^ 

j — 1 — fc l— — k 7ii— — k r— — k—l s— — k 
fc— 1 fc— 1 fc fc r— 1 

+ E E E E E ^i( fc ;i> z ' m > r >p) c i( fc ; z ' m >p> r ^ 

j — l — k l — — k m= — k r— — k—l p——l—k 
fc-1 fc-1 fc fc 

{j,2fc-l}, 2{r,2fc+2} 



+ E E E E 

j — l — k l — — k m= — k r— — fc — 1 

where 

Z; 0)5(m, r; 0)5(s,p; 0)5(771, Z; 0) 



(A61) 



Ai(fc; j,l,m,r,s,p) = -- 



S(s,l;0)S(m,p;0)S(s,r;0) 



[is,2fc+l ^ £m,2fc+l][£p,2fc+2 _ ^r,2fc+2] 



IIi/;L-fc[^^2fc - Lj.2k-1 - 1] Uj = i-k[ L i,2k-2 - Ljfik-\ - 1] 



n^/=l-fc[^,2fc-l - ij,2fc-l][ij,2fc-l - Lj.2k-1 - 1] 



1/2 
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X 



X 



X 



X 



X 



n: 



[i=-k-i^s,mi L h2k+l - ^l.2k\ II^jLl-fc[^,2fc-l ~ ^,2fc] 
Hi^l=-k [Li,2k - Ll,2k][Li,2k - Li^k - 1] 



1/2 



Ui=-k-l:i^r,p\- L ^2k+2 - ^m,2fc+l ^ ^ v , _ , 
k 

— im,2fc+lj[^i,2fe+l 



^ 1] Ili^;L-fe[^i,2fc ^ im ; 2fc+l 
^ L m ,2k+1 — 1] 



-1] 



1/2 



Ili=-fc;i^m,s[-k».2fc+l 

IIi=-fc-l[^,2fc+3 - ^r % 2fc+2] nt-jfc;i j tm,J jj «.2fc+l ~ L r,2k+2. 
T\i=-k-l;ijir,p[ L i,2k+2 - £r,2fc+2] [Li,2k+2 - L r , 2 k+2 - 1] 

- L s ,2k+1 - 1] 



1/2 



rii=-fc-l;i^p,r[-k«>2fc+2 - L s ^k+1 - 1] Ili^zL-fc [-^i,2fc 

is,2/s+l][ij,2/s+l — is,2fc+l - 1] 

1/2 



IIi=-fc-l[^,2fc+3 - -^p,2fc+2] IIiL-fc;i# S ,m[^2fc+l - £p,2fc+2] 
rii=-fe-l;i^p,r[-^*>2fe+2 - £p,2fc+2] [i%2fc+2 - L p . 2 k+2 ~ 1] 

,r;0)5( 8 ,r;0) 



1/2 



Bi(k;j,l,m,r 
1 

[-£<s,2fc+l - im,2fe+l] 



S(j,i;0)g(m,r;0)S( a ,- 
S(/,m;l)S(/,s;l) 

-1 - %2fe-l][-£-*,2fc-l - ■!• : 



-1 - 1] nLl 2 -fc[ L ',2fc-2 - Lj,2fc 

- Lj,2k-1 - 1] 



X 



X 



X 



X 



-t — — rv l -j j ; 

n»^y=i-fc[-ki,2fc- 

— £/,2/c] rii^/=l-fe[^i,2fe-l ^ i/,2fc] ' 



-1-1] 



1/2 



Ui=-k;i^s,mi L h2k+l ~ Li^k}Yli^j =1 _ k [L iy 2 
I\i^l=-k \Li,2k - L^2k][Li,2k - Li_2k 

— L m .2k+1 



-1] 



-1] 



Ili^r=-k-l[Li,2k+2 - Lm,2k+1 - 1] Ui^l=-k[ L i,2k ~ 

rii=-fc;i^m,s[-k»>2fc+l - im,2fc+l][ii,2fc+l - £<m,2fc+l - 1] 

nf=-fe-l [-^i,2fe+3 — £r\2fc+2] n^=-/s[-^j,2fe+l — L r ,2k+2] 
rii^r=-fe-l[-^»»2fe+2 — £r,2fc+2][£i,2A:+2 — L r ^k+2 — 1] 

[j^i-fc[-ki,2fc ~ L s,2k+1 - 1] 



1/2 



1/2 



X 



Y\ k j^r=-k-l\ L i,2k+2 ~ ^s,2fc+l ~ 1] Ili^L-fc. 

Y[i=-k;i^s,mi L i,2k+l ~ £ s ,2/c+l] [£;,2fc+l - £ S ,2fc+l - 1] 

- £r,2fc+2 - 1] I\i = - k;i ^ Sym [Li,2k+l - L r ^k+2 - 1] 
' -' " 1] [Li,2k+2 - L r ,2k+2 - 2] 



1 

[ip,2fe+2 - ir,2fc+2] 



1/2 



rii=-fc-i[-^»,2fc+3 

rii^r=-fc-l [Li,2k+2 - L r ^k+2 

S(m,p; 0)S(l, to; 1) 

Hi^L-ki L h2k - LjOk-l - 1] Ui=l^ki L h2k-2 - Lj.2k-1 - 1] 
Ui^j = l-ki L i,2k-l - Lj t 2 k -l\[Li,2k-l - L j,2k-1 - 1] 

T 1 1/2 



1/2 



X 



X 



n^m=-fcj^2fc+l - ^2fc] II^jLl-fc[^,2fc 
Y[ijil=-kl-^i,2k ~ Li 2k\[Li^2k ~ ^l,2k 

rii=-fc-l[^i,2fc+2 — im,2fc+l — 1] n?=-fe[-^*>2fc — ^m,2fc+l 
' ''' ' - im,2fe+l][ij,2fc+l - L„ h 2k+1 - 1 



n^m=-fe[^'».2fe+l 



1/2 



(A62) 



(A63) 
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X 



X 



X 



ni=-k-l;ijtr,p[I J i,2k+2 — L r ^k+2\[Li^2k+2 — L r ,2k+2 

nt-t-l;i/p,r[ jj ',a+2 - Lmflk+l - 2] Uj^lL-kl^i^k - L m , 2 k+1 - 2] 
rii^m=-fe[^,2fc+l - £m,2fc+l - l][-£<i,2fc+l - L m ^k+1 - 2] 

Hi=-k-l{ L i,2k+3 - L p .2k+2] n^m=-fc[^,2fc+l - £p,2fc+2_ 

'][L-L2k+2 — ip,2fe+2 — 1] 



1/2 



n!L-fc-l;i#p,r[^2fc+2 - £p,2fc+2 



(A64) 



£>i(fc;/,m) = -S(j,Z;0)5(/,m;l) 
n^L-fct^gfc - Lj^k-i - 1] I\i = i- k [ L iak-2 - L ja k-i - 

Hi^j=l-ki L i,2k-l - Lj£k-l][Li,2k-l - L j,2k-1 - 1] 



-1] 



1/2 



X 



X 



X 



X 



X 



l\i^j=l-ki L i,2k-l - L^2k-\][Li,2k-l - L ],2k-1 - 1] 

H^ m =-k[ L i,2k+l - U,2k\ Ut^j=l-ki L h2k-l - U,2k\ 
Tli^l=-kiLi,2k — Li_2k\\Li.2k — L^2k — 1] 

rii^r=-fe-l[- C '*.2fc+2 - ^m,2fe+l - 1] Y^ l= \[Li,2k ~ ^m,2fe+l - 1] 

2k+l][L>i,2k+l 



1/2 



Yli^m=~ki L i,2k+l 

L r ,2k+2] Ui^ m =-k\- L h2k+l - L r ^k+ 2\ 
f2 - £r,2fc+2][£i,2fc+2 - L r ^ 2 k+2 - 1] 



Ili= — fc — 1 [^i,2fe+3 

ir,2fc+2][ii,2fe+2 - ^r,2fe+2 



1/2 



ni^r=-fe-l[^,2fe+2 

[^r=-*;-l[- £/ ^2fe+2 - ^m,2fc+l ~ 2 ] Fli^iL-fc [-^i,2fc ~ £>n,2fc+l 

- l][-£<i,2fc+l - im,2fe+l - 2] 



11,,, ._ 

.i^ m =_fc[-t'i,2fc+l _ ^m,2fe+l 

,fe_l [ii,2fe+3 — ^r,2 
H^r=-k-li L i,^k+2 



-2] 



n 

1 Li^m— — k 

- 1] U^ m =-ki L i,2k+l - L r ^k+2 



Tli=-k-ll L h2k+3 - L r ^2k+2 ,,,-„- , ■ - . - 

- L r ,2k+2 - l][ii,2fe+2 - L r ^k+2 



-1] 



-2] 



1/2 
1/2 



(A65) 



« / , n_ [L m .2k+1 — L^2k][L s ,2k+l — L^2k][L m ,2k+l ~ Lp^k+2 + l][L s ,2k+l 

•Ai(m,l,s,p,r) — j- - -jj- - - 

[J^s,2k+1 — ^m,2k+l — iJ[-^p,2fc+2 _ -^r,2k+2 _ J-J 



- -^r,2fc+2] 



+ 



+ 



+ 



_ L p ,2k+2 





[L 8 ,2k+1 — 


L m ,2k+1 + 1] [L Pl 2k+2 — ^r,2fe+2 — 1] 




[Lmak+1 


— L^2k][L s ,2k+l 


— Li^2k][L m ,2k+l — L r ^2k+2 + l][^s,2fc+l 


— ip,2fe+2] 




[L s ,2k+1 - 


L m ,2k+1 — l][ip,2fe+2 - L r ^2k+2 + 1] 




[L s ,2k+1 - 


- L^2k] [L m ,2k+l 


— Li^k\[L s ,2k+l — L r ,2k+2 + l][L m ,2k+l 


- ip,2fe+2] 



_( g + g -i)fe*±I 



- L^2k + l][£ s ,2fc+l — L^2k][L m .2k+l ~ L p , 2 k+2 + l][£ s ,2fc+l ~ £r,2fc+2] 
[L a ,2k+1 - L„ h 2k+1 - l][£p,2fc+2 - L r ^2k+2 - 1] 

- Li^k + l][-^m,2fc+l — -£j,2fc][£s,2fc+l ~ L p , 2 k+2 + l][^m,2fc+l ~ ^gfc+gj 
[L a ,2k+1 - L m .2k+1 + l][ip,2fe+2 - ir,2fe+2 - 1] 

^ _l_ [-^m,2fe+l — -^/,2fc + l][is, 2fe+l — L^2k][L m ,2k+l — L r ,2k+2 + l][^s,2fe+l _ ip,2fc+2] 

[i a ,2fc+l -£m,2fc+l - l][i p,2fe+2 - L rt 2k+2 + 1] 
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^ _|_ [is,2fe+l ^ ^l.2k + l][im,2)fe+l ^ i;,2fe] [^s,2fc+l _ £r\2fc+2 + l][im,2)fe+l _ Lp^k+2] 

[L s ,2k+1 — L m .2k+1 + l][ip,2fe+2 ^ L r ^k+2 + 1] 



+ 



+ 



+ 





[L s ,2k+l — 


im,2fc+l ~~ l][-^p,2fe+2 


— L r ,2k+2 — 1] 




[^s,2fc+l — 


Ll t 2k + l][^m,2fe+l 


— L^2k + l][is,2fe+l _ 


" L p ^k+2 + l][^m,2fe+l 


- ir,2fe+2] 




[L s ,2k+1 - 


^m,2fc+l + l][£p,2fc+2 


- L r ,2k+2 - 1] 




[Lmak+1 - 


- Li i2 k + l][L s ,2k+l 


— £/,2fc + l][im,2t+l 


— L r ^2k+2 + l][L s ,2k+l 


- ip : 2fe+2] 




[is,2fc+l - 


im,2fe+l - l][L p ,2fe+2 


— L r ,2k+2 + 1] 




[Ls^k+i — 


i(,2A; + l][im,2)c+l 


— L\.2k + l][is,2fe+l - 


- L r ,2k+2 + l][im,2t+l 


- ip : 2fe+2] 



_|_ [£s,2fc+l — -^i,2fc + l][^m,2fc+l — £f,2fc + l][-^s,2fc+l ~ L r ^k+2 + l][-^m,2fc+l ~ -£p,2fc+2] (A66) 
[is,2fc+l - im,2i+l + l][Lp,2fc+2 - ir,2fc+2 + 1] 

„ ,, , \ [-kj,2fc — £m,2fc+l][£z,2fc — is,2fc+l] , [Llfik ~ L m 2 k+l] [Lf 2k - L a 2k+l] 

Bi(fc, Z, m, s) = — ^- J — ■ - + — ^— ■ — 

[^s,2fe+l - ^m,2fe+l - 1J [^s,2fe+l - J->m,2k+l + J- J 

/ , -1\ -^i,2fc — im,2fc+l — 1] [-^(,2*; — -k s ,2fc+l] , , _ 1 [Ll,2k ~ L m 2k+l] [Ll2k — L s 2k+1 — 1] 

_(<7 + ' 7 ) f7 r Tl (<7 + <7 ) F7 — r tr\ 

J-k s ,2Zc+l - ^m,2fe+l - 1J [i<s,2fe+l - ^m,2fe+l + 1J 

_l_ [£z,2fc — im,2i+l ~ l][-^i,2fc — L s ^2k+1 ~ M \Ll.2k — Lm,2k+1 ~ l][-^i,2fc _ ^s,2fe+l _ 1] (-467) 
[L s ,2k+1 - Lm,2k+1 - 1] [L s ,2k+1 - Lm,2k+1 + 1] 

C,(k 1 m n r\ - [ L '^fc - L m .2 k +l] [Ugk ~ £ m ,2fc+l] 

ui{K,i,m,p,r) — — - — -t- jj - — — 7 

[-Lp,2k+2 — -^r,2k+2 — J-J [-^p,2fc+2 ~ -^r,2fe+2 + J- J 
, , -1\ [Ll 2k — L m 2k+1 — 1] , , _1n [£j.2fc ^ L m .2k+1 — 1] 

-(<? + <? )tt r T]~ ( - q + q ^TT~ T TT] 

[J^p,2k+2 — J^r,2k+2 — J-J [-^p,2fc+2 _ -^r,2fe+2 + J-J 

_|_ [ii,2fe ^ im,2fc+l — 2] ^ [ii,2fe ^ im,2fc+l — 2] (A68) 
[ip,2fe+2 — £r,2fc+2 — 1] [ip,2*;+2 — -^r,2fe+2 + 1] 

X»i(/, m) = \L h 2k - im,2fc+l] - (? + 9 _1 )[^i,2fe - im,2i+l ~ !] + [A, 2k - im : 2fc+l - 2]. (469) 

In terms of L TO) 2k+i = o — 1, i( !2 fe = &, £ s ,2fc+i = c — 1, L p ^k+2 = d and L r ^k+2 = e the expression 
for Al (fc; m, Z, s,p, r) coincides with the L.H.S. of (25) and therefore .4.1 (fc; m, Z, s,p, r) = 0. 

Setting £;,2fc — £m,2fc+i = a, Li,2k — is,2fe+i = & one reduces the expression for Bi(k;l,m,s) to the 
L.H.S. of (26). Therefore Bi(k; I, m, s) = 

In terms of L|,2fc - £ m ,2fc+i = a + 1, L p ^k+2 = b, L r ^k+2 = c 

C l(fc ; Z, m ,p, r) - 1] - [2]M ± [Q + 1] + [Q - 1] - [2]M ± [Q + 1] ■ 
[6 - c - 1J [o — c + 1J 

Hence (see (27)) Ci(k;l,m,p, r) =0. 

Finally, if L i;2fe - -L m , 2 fc+i = a + 1, then D(fe; Z, m) = [a - 1] - [2] [a] + [a + 1] = 0. 
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Therefore, 

p(el)p(e k -i) - (q + g- 1 )/5(e fe )p(e fc _i)p(e fc ) + p(e fc _i)p(e^ |M) = 0, k e N. (470) 

The case with i = — 1 is very simple to prove and the cases corresponding to i < — 1 are proved similarly as 
for i > — 1. 

8. We skip the proof of the /— Serre relations (3). It is similar to the proof of the e— Serre relations. 

Acknowledgments. We are grateful to Prof. Randjbar-Daemi for the kind hospitality at the High Energy 
Section of ICTP. N.I.S. is grateful to Prof. M.D. Gould for the invitation to work in his group at the 
Department of Mathematics in University of Queensland. T.D.P. is thankful to Prof. S. Okubo for the 
invitation to carry the research on the Fulbright Project in the Department of Physics and Astronomy, 
University of Rochester. 

This work was supported by the Australian Research Council, by the U.S.A. Fulbright Program and by 
the Grant $ — 416 of the Bulgarian Foundation for Scientific Research. 

References 



1. Date, E., Jimbo, M., Kashiwara M., Miwa, T.: Operator Approach to the Kadomtsev-Petviashvili 
Equation - Transformation Groups for Soliton Equations III. J. Phys. Soc. Japan 50, 3806-3818 (1981). 

2. Date, E., Jimbo, M., Kashiwara, M., Miwa, T.: Transformation groups for soliton equations - Euclidean 
Lie algebras and reduction of the KP hierarchy. Publ. RIMS Kyoto Univ. 18, 1077-1110 (1982). 

3. Drinfeld, V.: Quantum groups. ICM proceedings, Berkeley 798-820 (1986). 

4. Goddard, P., Olive, D.: Kac-Moody and Virasoro Algebras in Relation to Quantum Physics. Int. J. 
Mod. Phys. A 1, 303-414 (1986). 

5. Haldane, F.D.M.: "Fractional statistics" in arbitrary dimensions: a generalization of the Pauli principle. 
Phys. Rev. Lett. 67, 937-940 (1991). 

6. Kac, V.G., Peterson, D.H.: Spin and wedge representations of infinite-dimensional Lie algebras and 
groups. Proc. Natl. Acad. Sci. USA 78, 3308-3312 (1981). 

7. Karabali, D., Nair,V.P.: Many-body states and operator algebra for exclusion statistics. Nucl. Phys. 
B 438, 551-560 (1995). 

8. Levendorskii, S., Soibelman, Y.: Quantum group A^. Commun. Math. Phys. 140, 399-414 (1991). 

9. Palev, T.D.: Lie algebraical aspects of the quantum statistics. Thesis, Institute of Nuclear Research 
and Nuclear Energy (1976), Sofia; Palev, T.D.: Lie algebraic aspects of quantum statistics. Unitary 



quantization (A-quantization) . Preprint JINR E17-10550 (1977) and [hcp-th/9705032 



10. Palev, T.D.: Lie superalgebras, infinite-dimensional algebras and quantum statistics. Rep. Math. 
Phys. 31, 241-262 (1992). 

11. Palev, T.D.: Representations with a highest weight of the Lie algebra cioo. Funkt. Anal. Prilozh. 
24, No 3, 88-89 (1990) (in Russian); Funct. Anal. Appl. 24, 250-251 (1990) (English translation). 

12. Palev, T.D.: Highest weight irreducible unitarizable representations of the Lie algebras of infinite 



31 



matrices. I. The algebra Journ. Math. Phys. 31, 1078-1084 (1990). 
13. Palev, T.D., Stoilova, N.I.: Many-body Wigner quantum systems. Journ. Math. Phys. 38, 2506-2523 



(1997) and hcp-th/9606011 



14. Palev, T.D., Stoilova, N.I.: Highest weight representations of the quantum algebra Uh{gloo)- 
J. Phys. A 30, L699-L705 (1997). 

15. Palev, T.D., Stoilova, N.I., Van der Jeugt, J.: Finite-dimensional representations of the quantum 
superalgebra U q [gl(n/m)] and related q— identities. Commun. Math. Phys. 166, 367-378 (1994). 



32 



